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ON THE LENGTH OF COHOMOLOGY SPHERES
DENISE DE MATTOS, EDIVALDO LOPES DOS SANTOS, AND NELSON ANTONIO SILVA
Abstract. In [2], T. Bartsch provided detailed and broad exposition of a nu-
merical cohomological index theory for G-spaces, known as the length, where
G is a compact Lie group. We present the length of G-spaces which are coho-
mology spheres and G is a p-torus or a torus group, where p is a prime. As a
consequence, we obtain Borsuk-Ulam and Bourgin-Yang type theorems in this
context. A sharper version of the Bourgin-Yang theorem for topological man-
ifolds is also proved. Also, we give some general results regarding the upper
and lower bound for the length.
1. Introduction
Let G be a compact Lie group. In [2], Thomas Bartsch discuss in details the prop-
erties and results of a numerical cohomological index theory known as (A, h∗, I)-
length, or simply, the length ℓ (Definition 2.1). Like all index theories, the length
is a powerful tool in the study of equivariant maps and, in recent years, it has been
used to prove different versions of Borsuk-Ulam and Bourgin-Yang type theorems
[4, 18, 17].
In the study of critical points of functions with symmetry, Bartsch and Clapp
[1] computed the value of the length of representation spheres S(V ) [1, Proposition
2.4] for p-torus or torus groups, i.e., G = (Zp)
k or (S1)k, where k ≥ 1 and p prime.
Considering such groups, we present a more general result by providing the length
of the pair (X,XG), where X is a compact G-space that is a cohomology spheres
and XG is the fixed point set (Theorem 3.1). This is achieved by considering
the splitting principle in the Euler class e(X,XG) of the oriented pair (X,XG)
associated with the fibration XG → BG given by the Borel construction [12, 9].
As an immediate consequence of monotonicity of the length, a Borsuk-Ulam
type result is obtained (Corollary 3.4). This provides necessary conditions on the
existence of equivariant maps between cohomology spheres under the actions of
p-torus or torus. Motivated by results in [3, 18], regarding the sufficient conditions
to the Borsuk-Ulam theorem, we provide a result for equivariant maps between G-
ANR spaces which are cohomology spheres and representation spheres in the case
G = (Zp)
k (Theorem 3.9). We remark that an alternative proof could be done by
using the results provided by [9, Chapter II] and nicely presented in [3, Theorem
3.2] for this context. Our proof rely on the calculation of the equivariant Lusternik-
Schnirelmann A-cat and A-genus [2, Definitions 2.6 and 2.8] of such cohomology
spheres. As a corollary we conclude that the Euler class of a (Zp)
k-ANR cohomology
sphere will be polynomial, where p is an odd prime (Corollary 3.11).
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Yang[23, 24] and, independently, Bourgin[6] proved that if f : Sn−1 → Rm is a
Z2-equivariant map then dimZf ≥ n−m−1, where Zf = f−1(0) and “dim” stands
for covering dimension (this is the so called Bourgin-Yang theorem). Consequently,
if n > m, then dimZf 6= ∅. Hence, there is no Z2-equivariant map Sn → Sm with
respect to the antipodal action which implies the classical Borsuk-Ulam theorem [5].
B laszczyk et. al. [4] presented abstract and general versions of the Bourgin-Yang
theorem in different settings by making use of the length. These results depend
on estimations of lower- and upper-bounds for ℓ. In this sense, we present some
general estimations. Namely, we give an upper-bound for the length (Theorem 4.4)
of compact G-spaces with no fixed points in terms of covering dimension where G
is any compact Lie group. This allows us to give a certain type of Bourgin-Yang
theorem considering the p-torus and torus groups and recover some classical results
in particular cases. In spite the fact this is a rough estimation, we remark is the best
one could get with our choices for the definition of length (Remark 4.5). In the case
the domain X is a topological closed orientable manifold and n-acyclic over the field
corresponding to the p-torus or torus group, and using a totally different technique,
following [18, Theorem 2.1], a version of this theorem with optimal estimate is
obtained.
At last, we remark that the length can be used to obtain results related with the
classical Borel formula (Theorem 2.3). We present an lower-bound for the length
of any compact G-spaces in terms of the length of fixed points set XH , where H
are subtorus of rank k − 1 of p-torus or torus group G of rank k (Theorem 5.3).
2. Preliminaries
Let G be a p-torus or a torus group of rank k ≥ 1. We will distinguish the
cases by the following: G = (Zp)
k for p ≥ 2 or G = (S1)k for p = 0. A p-
subtorus of rank t ≤ k of G will be a subgroup (S1)t (for p = 0) or (Zp)t (for
p ≥ 2). We consider the category of paracompact G-pairs (X,A), where X is a
paracompact Hausdorff space and A is a closed subspace. The isotropy subgroup
of x ∈ X is Gx = {x ∈ X |gx = x, ∀g ∈ G} and the orbit of x is the G-subspace
G(x) = {gx| g ∈ G}} ∼= G/Gx. The orbit space of the G-space X will be denoted
by X/G. For any closed subgroup H of G, XH = {x ∈ X |hx = x, ∀h ∈ H} is the
set of fixed points in X by the induced H-action.
Let XG = (EG × X)/G be the Borel space where is EG is the total space of
the universal principal G-bundle EG → BG and BG = EG/G is the universal
classifying space. For a G-pair (X,A), we denote H∗G(X,A;F) = H
∗(XG, AG;F),
the Borel equivariant cohomology, where H∗ will always be the Cˇech cohomology
and F = Zp or Q whether p ≥ 2 or p = 0 . The map p∗X : H
∗(BG;F)→ H∗G(X ;F),
induced by X → {pt}, gives a H∗(BG;F)-module structure on H∗G(X ;F) (also
on H∗G(X,A;F)) by xy := p
∗
X(x) ∪ y ∈ H
m+n
G (X ;F), for x ∈ H
m(BG;F) and
y ∈ HnG(X ;F). We mainly deal with the following cohomology rings H
∗(BG;F).
• If G = (Z2)k then H∗(BG;Z2) ∼= Z2[t1, . . . , tk], where ti ∈ H1(BG;Z2).
• If G = (Zp)k, then H∗(BG;Zp) ∼= Zp[t1, . . . , tk] ⊗Zp Λ(s1, . . . , sk), where
p > 2, ti ∈ H2(BG;Zp) and si ∈ H1(BG;Zp).
• If G = (S1)k, then H∗(BG;Q) ∼= Q[t1, . . . , tk], where ti ∈ H2(BG;Q).
In the case p > 2, we set P ∗(G) = Zp[t1, . . . , tk] the polynomial part ofH
∗(BG;Zp).
Since we mainly deal with p-tori groups, we shall suppress the coefficient field F
and keep the choices as above.
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For any subtorus H of G, we have H∗G(G/H)
∼= H∗(BH). In the particular case
p = 0 (or 2) and H is a subtorus of rank k − 1, the kernel of the map H∗(BG)→
H∗(BH), induced by G/H → G/G, is a principal ideal (sH), where sH ∈ H2(BG)
(or sH ∈ H1(BG)). For p > 2, P ∗(G) ∩ ker[H∗(BG) → H∗(BH)] = (sH) and
sH ∈ H
2(BG).
2.1. The length. Fix a set A of G-spaces and I an ideal of the cohomology
ring H∗(BG). Let (X,A) be a G-pair. The (A, H∗G, I)-length of (X,A) is the
smallest integer λ ≥ 0 such that there exist A1, . . . , Aλ ∈ A that for any ωi ∈
I ∩ ker [H∗(BG) −→ H∗G(Ai)], 1 ≤ i ≤ λ, we have ω1 · · ·ωλ · γ = 0 ∈ H
∗
G(X,A),
for all γ ∈ H∗G(X,A). If such λ does not exist, we write that (A, H
∗
G, I)-length of
(X,A) is ∞.
We shall make standard choices for A and I:
• A = {G/H ; H ( G closed subgroup}. This is equivalent, in terms of the
value of the length, to A′ = {G/H ; H has rank k− 1} [2, Observation 5.5];
• For p = 0, 2, I = H∗(BG) and for p > 2, I = P ∗(G) the polynomial part.
• For a subtorus H of rank k − 1, we set AH = {G/H} and IH = (sH).
We simply write ℓ (or ℓH) instead of (A, H∗G, I)-length (or (AH , H
∗
G/H , IH)-
length). Also, in the case A = ∅, we write ℓ(X) (or ℓH(X)) instead of ℓ(X, ∅) (or
ℓH(X, ∅)).
Proposition 2.1 ([2, Proposition 4.7 and Corollary 4.9]). Let X, Y be two G-
spaces:
i) If f : X → Y is a G-equivariant map, then ℓ(X) ≤ ℓ(Y ).
ii) ℓ(X) ≤ A-genus(X), where the A-genus of X is the least integer t ≥ 0 such
that there exists a G-equivariant map X −→ A1 ⋆ · · · ⋆ At, where Ai ∈ A
for i = 1, . . . , t and “ ⋆ ” means the join operation.
iii) If X is a compact G-space such that XG = ∅, then ℓ(X) <∞.
Remark 2.2. Here we only mentioned the results and choices on the definition of
the length we are going to use. The length is defined in a very broad scenario
and has many properties [2, Chapter 4]. The given definition of A-genus is one
of its characterizations. It can be seen as a particular case of the definition of the
equivariant Lusternik-Schnirelmann category A-cat [2, Definition 2.6]. We have the
inequality A-genus(X) ≤ A-cat(X) [2, Proposition 2.10].
2.2. Cohomology spheres and Euler classes. A compact Hausdorff space X is
a (mod p)-cohomology n-sphere when H∗(X ;F) ∼= H∗(Sn;F), where F = Zp or Q
depending on whether p ≥ 2 or p = 0. For G = (Zp)k or (S1)k, the classical Smith
theorem states that XG is a (mod p)-cohomology r-sphere, where −1 ≤ r ≤ n,
and r = −1 when XG = ∅. Let e(X,XG) be the Euler class of the oriented pair
(X,XG) as defined in [9, Chapter III, 4.25]. We shall make use of the results:
Theorem 2.3. Consider G and X as above:
i) ([9, Chapter III, page 205]). There exists a H∗(BG)-isomorphism
H∗G(X,X
G) ∼= H∗(BG)/(e(X,XG)).
ii) ([9, Chapter III, Theorem 4.40]) Borel Formula. Let H = {H ⊂ G; H has
rank k − 1} then n − r =
∑
H∈H n(H) − r, where n(H) is the dimension
of the cohomology sphere XH .
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Remark 2.4. Since H∗G(X,X
G) ∼=
H∗(BG)
(e) , where e = e(X,X
G), we have that the
annihilator set of H∗G(X,X
G) is generated by (e), i.e., A = {a ∈ H∗(BG)| aγ =
0 for all γ ∈ H∗G(X,X
G)} = (e). In the particular case, G = (Zp)k and e is a
polynomial element in P ∗(G) ⊂ H∗(BG), we have A ∩ P ∗(G) = (e). If e is not
polynomial, we can write e = z + n, where n stands for the nilpotent part, and we
have z2 = e(z − n) ∈ A ∩ P ∗(G).
3. The length of cohomology spheres
Theorem 3.1. Let G = (Zp)
k or (S1)k, X be a (mod p)-cohomology n-sphere and
r < n be the dimension of the (mod p)-cohomology sphere XG, then:
ℓ(X,XG) =
n− r, if p = 2,n− r
2
, if p = 0 or p > 2 and e(X,XG) is polynomial.
For p > 2, in the case e(X,XG) is not polynomial, we have n+12 ≤ ℓ(X,X
G) ≤ n+1.
Proof. All the cases are proved in the same way considering that the Euler class is
polynomial when p > 2.
Essentially, the length of (X,XG) resumes in finding an element ω ∈ H∗(BG)
that annihilatesH∗G(X,X
G) and can be written as a product of generators of certain
ideals I ∩ ker[H∗(BG)→ H∗(BH)], for homogeneous spaces G/H ∈ A, where the
number of factors in this product is the least as possible. By Remark 2.4, this is
the same as to find such ω that is in the ideal ring (e).
This is already the case for the Euler class e. It is a well-known fact [9, Chapter
III, Section 4] that e = (sH1)
k1 · · · (sHt)
kt where (sHi) = I ∩ ker[H
∗(BG;R) →
H∗(BHi;R)] and Hi are subtori of rank k − 1 such that XHi 6= ∅. Here we have
that ki = n(Hi) − r, for p = 2, and ki =
n(Hi)−r
2 , for p = 0 or p > 2, where
n(H) is the dimension of the cohomology sphere XH . So, by choosing ki times
G/Hi ∈ A, i = 1, . . . , s, for all ωi1, . . . , ω
i
ki
∈ (sHi) ∈ I∩ker[H
∗(BG)→ H∗(G/Hi)],
with i = 1, . . . , t, we have that ω =
∏t
i=1 ω
i
1 . . . ω
i
ki
∈ (e), which implies that
ℓ(X,XG) = k1 + . . .+ kt = deg(e) and this completes the proof.
Now, if p > 2 and e(X,XG) is polynomial, we should have that e = z+n, where
z = (sH1)
k1 · · · (sHt)
kt and n is nilpotent. As mentioned in Remark 2.4, z2 ∈ (e),
then ℓ(X,XG) ≤ n− r. Clearly, ℓ(X,XG) ≥ n−r2 because deg(e) = n− r. 
The next remark points out some situations where the Euler class e is polynomial
for p > 2.
Remark 3.2. If we take a subtorus H of rank k − 1 such that XH 6= ∅, we should
have that ℓ(XH , XG) = ℓH(X
H , XG) = n(H)−r2 , where ℓH is as in 2.1. Indeed, in
the case, e(XH , XG) is equal to (sH)
n(H) which is polynomial [9, Theorem 4.40].
So in the particular case that G = Zp and X
G = ∅, we should have e polynomial
and ℓ(X) = n+12 . We shall see in Corollary 3.11 that when X is a G-ANR space,
we also have that e is polynomial and ℓ(X) = n+12 .
Remark 3.3. The Theorem 3.1 generalizes the result [1, Proposition 2.4] given by
Bartsch and Clapp in the context of representation spheres. In [4, Proposition
3.6], the authors give a lower bound for a G-space X compact (or paracompact
with finite covering dimension) such that Hi(X) = 0, when 0 < i < n. Namely,
ℓ(X) ≥ n+ 1 for p = 2 and ℓ(X) ≥ n+12 , otherwise.
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We derive the following version of the Borsuk-Ulam theorem.
Corollary 3.4 (Borsuk-Ulam). Let G = (Zp)
k or (S1)k and X,Y two (mod p)-
cohomology spheres of dimension n and m, respectively. Suppose that XG = Y G =
∅. If there is a G-equivariant map f : X → Y , then dimXH ≤ dimY H , for all H <
G of rank k − 1. In particular, n ≤ m. Thus, if n > m, there is no G-equivariant
map from X to Y .
Proof. Suppose that exists a G-equivariant map f : X → Y . Note that fH :=
f |XH : X
H → Y H is G/H-equivariant map, for any H < G. When H is a subtorus
of rank k − 1, from monotonicity of the length (Proposition 2.1(i)) and Theorem
3.1 (including Remark 3.2)), we have that ℓH(X
H) = dim(X
H)+1
2 ≤ ℓH(Y
H) =
dim(Y H)+1
2 . This proves the first part.
Now, suppose n > m. By the Borel formula, n + 1 =
∑
H(dimX
H + 1) >∑
H(dim Y
H +1) = m+1, then we should have dimXH > dimY H for at least one
subtorus H of rank k − 1. Thus, there is no G-equivariant map from X to Y . 
Remark 3.5. For the conclusion, one could extends the result to spaces X such that
Hi(X) = 0, for 0 < i < n, by considering the estimations of [4, Proposition 3.6].
3.1. A converse for the Borsuk-Ulam. Here G = (Zp)
k, for p ≥ 2. We will
prove a certain converse for the Borsuk-Ulam theorem, finding sufficient conditions
for the existence of G-equivariant maps between a (mod p)-cohomology sphere X ,
that is also a G-ANR space, and a representation sphere S(V ) of same dimension.
For that we use the A-genus of X . As a corollary, we show that the Euler class
e(X) = e(X, ∅) is always polynomial, when p > 2.
Lemma 3.6. Let G = (Zp)
k and suppose that X is a (mod p)-cohomology n-sphere
and G-ANR space. Then A-cat(X) = A-genus(X) = n+ 1.
Proof. From [2, Chapter 2] and [8, Proposition 3.7] we have that A-cat(X) ≤
(dim(X) + 1) ·maxH⊂G c(H), where c(H) is the number of connected components
of XH/NH and H ⊂ G are closed subgroups. Here “ dim” stands for covering
dimension. Since c(H) = 1 [16, Lemma 2.2], then A-cat(X) ≤ dim(X)+ 1 = n+1.
As pointed out in Remark 2.2, ℓ(X) ≤ A-cat(X) ≤ A-genus(X). We shall verify
then that n + 1 ≤ A-genus(X). For the case p = 2, from Proposition 2.1 ii),
A-genus(X) ≥ n+ 1 since we have ℓ(X) = n+ 1.
Let us analyze now the case p > 2. Suppose that A-genus(X) = t, then there is
a G-equivariant map X −→ G/H1 ⋆ · · · ⋆ G/Ht, where G/Hi ∼= Zp. Thus we have
a G-equivariant map ϕ : X ⋆ X −→ (G/H1 ⋆ G/H1) ⋆ · · · ⋆ (G/Hk ⋆ G/Ht). By a
well-known trick [2, Remark 5.6], we can map G/Hi ⋆G/Hi to S(Vi) equivariantly,
where Vi is an irreducible representation given by the character G/Hi →֒ S
1. Let
W = V1 ⊕ · · · ⊕ Vt. Note that W is a vector space of real dimension 2t, then SW
has 2t− 1 dimension. The map ϕ induces a G-equivariant map between X ⋆X and
S(W ). Since X ⋆ X is a cohomology sphere of dimension 2n + 1 and ℓ(SW ) = t
[1, Proposition 2.4], we see that n+ 1 ≤ ℓ(X ⋆ X) ≤ ℓ(S(W )) = t, where the first
inequality is given by Theorem 3.1. Thus, n+1 ≤ A-genus(X) ≤ A-genus(X). 
Remark 3.7. For any subtorus H of rank k − 1 of G = (Zp)k such that XG = ∅,
if we consider AH = {G/H}, then AH -genus(XH) = n(H) + 1, where n(H) is the
dimension of the cohomology sphere XH .
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Lemma 3.8 (Existence). Let G = (Zp)
k and X be a (mod p)-cohomology n-sphere
such that X is a G-ANR space and XG = ∅. Then there exists a G-equivariant
map between X and a representation sphere of same dimension.
Proof. It follows from Corollary 3.6 that A-genus(X) = n + 1 and, by definition
(Proposition 2.1(ii)), there exists aG-equivariant map f : X → G/K1⋆· · ·⋆G/Kn+1,
where G/Ki ∈ A. For p = 2, the result follows already because G/Ki ∼= Z2 ∼= S0
and then the G-equivariant map is X → S0 ⋆ · · · ⋆ S0 ∼= SV , where dimSV = n.
Suppose p > 2. For every subtorus H of rank k − 1 such that XH 6= ∅, we have
the G/H-equivariant map f |XH : X
H → (G/K1⋆· · ·⋆G/Kn+1)H ∼= G/H⋆· · ·⋆G/H ,
where (by Remark 3.7 and Borel Formula) the number of copies of G/H in the join
must be n(H) + 1.
Reordering and regrouping the factors of the join G/K1 ⋆ · · · ⋆G/Kn+1, we may
write it as M1 ⋆ · · · ⋆ Mt, where Mi ∼= G/Hi ⋆ · · · ⋆ G/Hi (n(Hi) + 1 times). By
the same trick [2, Remark 5.6] used in the previously lemma, every pair of join in
Mi, G/Hi ⋆ G/Hi, can be mapped equivariantly to S(Vi), where Vi a irreducible
representation given by the character G/Hi ∼= Zp →֒ S
1. Since n(Hi)+1 is an even
number, we should have Mi ∼= S(Vi)⊕ · · · ⊕ S(Vi) ∼= S(VHi), where dimC S(VHi) =
n(Hi).
Thus f : X → G/K1 ⋆ · · · ⋆ G/Kn+1 ∼= S(VH1) ⋆ · · · ⋆ S(VHt) ∼= S(V ), where
dimC S(V ) =
∑
i n(Hi) = n. 
Theorem 3.9. Let G = (Zp)
k and X be a (mod p)-cohomology n-sphere such that
X is a G-ANR space and XG = ∅. There exist a G-equivariant map between X
and a representation sphere S(V ) of G with V G = {0} if, and only if, dimXH ≤
dimSV H , for all H subtori of rank k − 1 such that XH 6= ∅.
Proof. From Corollary 3.4 we have a necessary condition for the existence of the
map. Now suppose that dimXH ≤ dimC SV H , for all H . From Lemma 3.8
there exists a G-equivariant map X → SW , where dimC SW = dimX such that
dimXH = dimC SW
H , for all subtori H of rank k − 1 with XH 6= ∅. By [15,
Teorema 2.5], there exists a G-equivariant map between SW and SV , thus there
exists a G-equivariant map between X and SV . 
Remark 3.10. For an alternative proof, considering that a G-ANR space is G-
homotopy equivalent to a G-CW complex [19, Theorem 13.3] one could use the
result given in [3, Theorem 3.2].
As a consequence we obtain that the Euler class of a (mod p)-cohomology sphere
X such that XG = ∅ will be polynomial when X is (Zp)k-ANR and p > 2.
Corollary 3.11. Let G = (Zp)
k, for p > 2, and X a (mod p)-cohomology n-sphere
such that XG = ∅ and X is a G-ANR space. Then
a) ℓ(X) =
n+ 1
2
.
b) the Euler class e of X is polynomial.
Proof. For the item a), from Theorem 3.1 or [4, Proposition 3.6] we already have
that n+12 ≤ ℓ(X). Now, since exists f : X → SW such that dimC SW = dimX and
ℓ(SW ) = n+12 , it follows that ℓ(X) ≤ ℓ(SW ) ≤
n+1
2 . This implies that there exists
an polynomial element α ∈ (e)∩P ∗(G) with same degree as e. Then (α) = (e) and
part b) follows. 
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4. An upper-bound for the length and Bourgin-Yang theorems
As mentioned in the introduction, we will study an upper-bound for the length,
first considering any compact Lie group, and then we specialize to the p-torus and
torus case to obtain a Bourgin-Yang type result. Let G be a compact Lie group
and X a compact G-space. In [21, 22] one can find, in the context of equivariant
K-theory K∗G, a filtration for K
∗
G(X). The construction can be easily adapted for
the Borel cohomology theory and is given as follows. Let R be a commutative ring
with unity.
For any finite G-closed cover U of X , let NU be the nerve of such cover. We
can associate a G-compact space XU =
⋃
σ∈NU
(Uσ × |σ|) ⊂ X × |NU |, where
Uσ =
⋂
α∈σ Uα 6= ∅ and |NU | is the geometric realization of NU . Let X
p
U =⋃
dim(σ)≤p(Uσ × |σ|). This gives a filtration of G-subspaces X
0
U ⊂ X
1
U ⊂ X
2
U ⊂
· · ·XU . We say that an element of H∗G(X ;R) is in H
∗
G,s(X ;R) if, for some finite
G-closed cover W of X , the element is in ker[H∗G(X ;R)→ H
∗
G(X
s−1
W ;R)].
Lemma 4.1. Let G be a compact Lie group and X a compact G-space. For any
finite G-closed cover U of X:
a) The projection on the first coordinate π1 : XU → X induces an isomorphism
π∗1 : H
∗
G(XU ;R)→ H
∗
G(X ;R).
b) If V is a refinement of U , there exists a G-equivariant map XV → XU ,
defined up to G-homotopy, that respects the filtrations and the projections
onto X. Thus, H∗G(X ;R) = H
∗
G,0(X ;R) ⊇ H
∗
G,1 ⊇ · · · ⊇ H
∗
G,s(X ;R) · · · .
c) H∗G,s(X ;R) ·H
∗
G,s′(X ;R) ⊂ H
∗
G,s+s′(X ;R), where “ · ” represents the mul-
tiplication between rings.
d) H∗G,1(X ;R) =
⋂
x∈X
ker[H∗G(X ;R)→ H
∗
G(G/Gx;R)].
Proof. For items a), b),d) we refer to [21], and for d) to [22]. 
Let us suppress the ring of coefficients from our notation and keep the standards
choices when we specialize to the p-torus cases.
Remark 4.2. If dim(X) = n < ∞ (covering dimension), then H∗G,dimX+1(X) = 0.
Indeed, there is a cover U of X such that XU = XmU , for all m ≤ dimX . Thus, by
Lemma 4.1 a), H∗G,dimX+1 = ker[H
∗
G(X)→ H
∗
G(XU)] = {0}.
Now we present some relations of this construction with the length.
Corollary 4.3. Let G be a compact Lie group and X a compact G-space. Consider
H = {Hγ}γ∈Γ the collection of all maximal isotropy subgroups in G, i.e., if x ∈
XHγ , we have Gx = Hγ, for all γ ∈ Γ. Then H∗G,1(X) =
⋂
γ∈Γ ker[H
∗
G(X) →
H∗(BHγ)].
Proof. Given x ∈ X , if Gx is not a maximal isotropy subgroup, then there exists
a γ ∈ Γ such that Gx < Hγ . Then G/Gx → G/Hγ and, we conclude that,
ker[H∗G(X) → H
∗(BHγ)] ⊂ ker[H∗G(X) → H
∗
G(G/Gx)]. Thus
⋂
γ∈Γ ker[H
∗
G(X) →
H∗G(BHγ)] ⊆
⋂
x∈X ker[H
∗
G(X) −→ H
∗
G(G/Gx)]. On the other hand, we have that⋂
x∈X ker[H
∗
G(X) −→ H
∗
G(G/Gx)] ⊆
⋂
γ∈Γ ker[H
∗
G(X)→ H
∗(BHγ)]. 
Theorem 4.4. Let G be a compact Lie group and X a compact G-space. Suppose
that XG = ∅ and the number α(X) of maximal isotropy subgroups of X is finite.
Then ℓ(X) ≤ α(X) · (dimX + 1).
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Proof. Let us say that H = {Hi}i∈Γ is the collection of all maximal isotropy sub-
groups of X and |Γ| = α(X) = s. For any x ∈ X , the composition G/Gx →֒ X
pX
→
{pt} induces the diagram
H∗(BG)
p∗X
yysss
ss
ss
ss
s
&&▼▼
▼▼
▼▼
▼▼
▼▼
H∗G(X)
fx // H∗(BGx).
Given w ∈
⋂s
i=1 ker[H
∗(BG) → H∗(BHi)], fx ◦ p
∗
X(w) = 0, for all x ∈ X and,
thus p∗X(w) ∈
⋂
x∈X ker[H
∗
G(X) → H
∗(BGx)] =
⋂s
i=1 ker[H
∗
G(X) → H
∗
G(BHi)] =
H∗G,1(X). By Remark 4.2, we have p
∗
X(w)
dimX+1 ∈ H∗G,dimX+1(X) = {0} and then
ωdimX+1 · 1X = 0 ∈ H∗G(X). Considering ωi ∈ ker[H
∗
G(BG) → H
∗
G(BHi)], for i =
1, . . . , s, then ω = ω1 . . . ωs ∈
⋂s
i=1 ker[H
∗(BG) → H∗(BHi)]. So p∗X(ω
dimX+1) =
0 which implies ℓ(X) ≤ s(dimX + 1). 
Remark 4.5. As commented in [4, Example 6.1], one cannot expect better upper
bound for this choice of length. For a family of distinct maximal subtori Hi ⊂
G = (Zp)
k, we have that for X = ⊔ti=1G/Hi, α(X) = t and dim(⊔
t
i=1G/Hi) =
dim(X) = 0, so ℓ(X) = t = α(X)(dim(X) + 1). In the case G = Zp we should
have ℓ(X) ≤ dimX + 1. Also, by choosing a different collection for A, Â =
{A1 ⊔ · · · ⊔At;Ai ∈ A, t ≥ 1}, the family of all finite disjoint union of orbit spaces
in the definition of length, we have ℓ
Â
(X) ≤ dimX + 1.
Theorem 4.6 (Bourgin-Yang). Let G = (Zp)
k or (S1)k, X a
(mod p)-cohomology n-sphere and Y a G-space, where XG = ∅ and Y − Y G is
a (mod p)-cohomology m-sphere. Given a G-equivariant map f : X → Y and con-
sidering Zf = f
−1(Y G), then the number α = α(Zf ) of subtori H ⊂ G of rank
k − 1 such that XH ⊂ Zf 6= ∅ is nonzero and
dimZf ≥
{
n−m
α − 1, if p = 2,
n−m
2α − 1, if p = 0 or p > 2 and e(Y − Y
G) is polynomial.
In particular, if n > m, there is no G-equivariant map X → Y − Y G.
Proof. Specializing [4, Theorem 3.1] to our case yields ℓ(Zf) ≥ ℓ(X)− ℓ(Y − Y G).
Now, combining Theorem 3.1 and 4.4 gives us the desired inequalities.
In the case n > m, we shall have dim(Zf ) ≥ 0 and, therefore Zf 6= ∅ which
implies the non-existence of a G-equivariant map between X and Y − Y G. 
Remark 4.7. When k = 1, we obtain a better estimate for p 6= 2. Indeed, [4,
Theorem 3.1] and Theorem 3.1 gives us ℓ(Zf ) ≥
n−m
2 (or ℓ(Zf) ≥ n−m for p = 2)
which implies that
⊕m−n−1
i=0 H
i(BG) → H∗G(Zf ) is a monomorphism. Now, if the
Zp-action is free, we conclude that cohom.dim(Zf ) ≥ n−m−1, where “cohom.dim”
stands for cohomological dimension. This conclusion is a particular case found in
the literature [10, 13, 14, 20]. The hypothesis that e(Y −Y G) is polynomial can be
removed (see Remark 5.4).
4.1. Bourgin-Yang theorem for topological manifolds. A version that offers
an optimal estimate for the Bourgin-Yang theorem in the context of cohomology
spheres could be obtained when we add to X, the domain of the G-equivariant
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map, the hypothesis that it is also a closed and orientable topological manifold. In
fact, the result will be stated in a more general setting, by supposing that X is a
closed orientable topological manifold and (n− 1)-acyclic, i.e., Hi(X,F) = 0, when
1 < i < n− 1, over the field F corresponding to p.
Theorem 4.8. Let G = (Zp)
k or (S1)k and X,Y two G-spaces where:
i) X is a closed orientable topological manifold such that Hi(X) = 0 for 1 <
i < n− 1.
ii) Y is G-CW complex and there exists A ⊂ Y such that Y − A is compact
(or paracompact with finite converging dimensional) and Hi(Y − A) = 0
for i ≥ m. Additionally (Y −A)G = ∅.
In the case p = 0, suppose that Y has finitely many orbit type.
If f : X → Y is a G-equivariant map, we have dim(f−1(A)) ≥ n−m− 1.
Proof. Let Z := f−1(A). By hypothesis, f |X−Z : X−Z → Y −A is a G-equivariant
map. Suppose by contradiction that dim(Z) < n−m− 1.
Thus Hi(Z) = 0, for i ≥ n − m − 1 and, from Alexander-Poincare´-Lefschetz
duality, 0 = Hi(Z) = Hn−m−i(X,X−Z). From the hypothesis on the homology of
X and the long exact sequence of the pair (X,X −Z) we obtain that 0 = H˜i(Z) =
Hn−1−i(X,X − Z) = H˜n−2−i(X − Z), for n− 2− i ≤ m− 1.
Then we have that 0 = H˜q(X − Z) = H˜q(X − Z), for q < m, and, that 0 =
Hq(Y − A) = Hq(Y − A), for q ≥ m. It follows from [7, Theorem 6.4] there is no
G-equivariant from X − Z to Y −A, which is a contradiction. 
Remark 4.9. This result is an immediate generalization of [18, Theorem 2.5].
5. General remarks about the length for p-torus group
Let us consider the following result proved in [11, Proposition 3.1]. Here, we
only state it for p-tori groups.
Proposition 5.1. Let G = (Zp)
k or (S1)k and G1, G2 two subtorus such that
G = G1 × G2. Consider a Gi-equivariant map pXi : Xi → Bi, for i = 1, 2, and
a G-equivariant map pX : X → B, where X = X1 × X2, B = B1 × B2 are G-
spaces through diagonal actions and pX = (pX1 , pX2). Assume that all spaces are
paracompact. Then we have ker p∗X = ker(p
∗
X1
)⊗RH∗G2(B2)+H
∗
G1
(B1)⊗Rker(p∗X2).
Corollary 5.2. Let G = (Zp)
k or (S1)k and X a paracompact G-space. For a
subtorus H of rank k − 1 of G such that XH 6= ∅, we have that ker(p∗XH ) =
H∗(BH) ⊗ ker(q∗XH ), where pXH : X
H −→ {pt} is a G-equivariant map and
qXH : X
H −→ {pt} is a L ∼= G/H-equivariant map.
Proof. The result follows from Proposition 5.1 considering the spaces G1 = H ,
G2 = L ∼= G/H , X2 = XH , X1 = B1 = B2 = {pt} and the equivariant maps
pX1 = qXH and pX2 = pXH . 
Now we state a lower bound for the length ℓ in terms of the length ℓH of subtori
of rank k − 1.
Theorem 5.3. Let G = (Zp)
k or (S1)k and X a compact G-space sucht that
XG = ∅. We have
∑
H∈H ℓH(X
H) ≤ ℓ(X), where H is the collection of all subtori
of rank k − 1 of G such that XH 6= ∅.
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Proof. Let us consider the case p > 2. Fix H a subtorus of rank k − 1. Then,
G/H → XH →֒ X → {pt} induces the following commutative diagram.
H∗(BG)
i∗H //
p∗X

p∗
XH
&&▲▲
▲▲
▲▲
▲▲
▲▲
H∗(BH)
H∗G(X)
// H∗G(X
H)
OO
Thus, ker p∗X ⊆ ker p
∗
XH ⊆ ker i
∗
H and, therefore, I ∩ ker p
∗
X ⊆ I ∩ ker p
∗
XH ⊆
I∩ker i∗H = (sH), where I = P
∗(G) ∼= Zp[t1, . . . , tk]. This implies that I∩ker p
∗
XH =
(sbH), where b = ℓH(X
H). Indeed:
From Corollary 5.2 we have that ker p∗XH
∼= H∗(BH ;Zp)⊗Zp ker q
∗
XH , where the
G/H-equivariantmap qXH : X
H → {pt} induces q∗XH : H
∗(B(G/H))→ H∗G/H(X
H).
Note that, since G/H ∼= Zp, we should have P ∗(G/H) ∩ ker q∗XH = (t
b), where t ∈
Zp[t]⊗Λ(s) ∼= H∗(B(G/H)). Then, I∩ker p∗XH
∼= I∩ (H∗(BH ;Zp)⊗Zp ker q
∗
XH )
∼=
P ∗(H) ⊗ (tr) ∼= (sbH). Thus I ∩ ker p
∗
X ⊆ (s
b
H). Considering the definition of the
length, we should have ℓH(X
H) = min{λ; pXH (t
λ) = 0} = b.
Assuming that H = {H1, . . . , Hs}, we should have that I ∩ ker p∗X ⊆ (s
b1
H1
) ∩
· · · ∩ (sbsHs), where ℓHi(X
Hi) = bi. Now, given an element z ∈ I ∩ ker p
∗
X , this
corresponds to an polynomial element multiple of the polynomials sb1H1 · · · s
bs
Hs
in
H∗(BG), which implies that ℓ(X) ≥
∑s
i=1 ℓHi(X
Hi).
For p = 0 or 2, we carry out the proof in the same way and we do not need to
care about taking intersections with the polynomial ring part. 
Remark 5.4. We shall have the equality a` la Borel Formula, ℓ(X) =
∑
H∈H ℓH(X
H)
if, and only if, the kernel ker p∗X contains the polynomial element s
b1
H1
· · · sbsHs .
The hypothesis that e(Y − Y G) is polynomial in Theorem 4.6 can be removed.
Indeed, considering the statement and notations there, we can work with ℓ(Zf) ≥∑
H ℓH(Z
H
f ) ≥
∑
H [ℓ(X
H) − ℓH((Y − Y G)H)] and here e((Y − Y G)H) will be
polynomial.
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